F. Ahmad and M. G. Amin, "Noncoherent approach to through-thewall radar localization," IEEE Trans. Aerosp 
Convergence Analysis for Initial Condition Estimation in Coupled Map Lattice Systems
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Abstract-In this correspondence, we focus on studying the problem of initial condition estimation for chaotic signals within the coupled map lattice (CML) systems. To investigate the effectiveness of a CML initial condition estimation method with different maps and coupling coefficients, the convergence and divergence properties of the inverse CML systems are analyzed. An inverse largest Lyapunov exponent (ILLE) is proposed to investigate the strength of convergence and divergence in the inverse CML systems, and it can determine if the CML initial condition estimation method is effective. Computer simulations are included to verify the relationship between the effectiveness of the CML initial condition estimation method and its corresponding ILLE.
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I. INTRODUCTION
Many research works indicate that chaos is the most common phenomenon in the nature [1] . Being a kind of deterministic signals, chaos draws great attention for its characteristics of internal randomness, meaning that chaotic signals are deterministic but their behavior appears to be random [2] . In the presence of additive disturbance, we can extract the deterministic chaos from the random noise by using the initial condition, if the dynamic of the system is known a priori [3] - [7] . As a result, the problem of initial condition estimation of chaotic signals is an important research topic.
For one-dimensional (1-D) temporal chaotic map, it has been proved in [6] that there is a one-to-one correspondence between the set of global orbits in the 1-D temporal chaotic dynamical system and the set of its corresponding admissible symbolic sequence. An 1-D temporal initial condition estimation method based on the symbolic dynamics has been proposed in [7] . This method first symbolizes the chaotic signal in the presence of noise, and then estimates the initial condition from the symbolic sequence. This symbolic dynamics based method is effective for 1-D temporal chaotic signals, and its estimation error converges exponentially with its Lyapunov exponent [7] .
However, there exist many spatiotemporal chaotic signals in real physical systems in fields as diverse as communication, chemistry, biology, engineering and ecology [8] , [9] . Coupled map lattice (CML), which reproduces the essential features of spatiotemporal phenomena, has been of great interest in the chaos research [10] . Knowing the initial condition can facilitate the analysis of the internal dynamics of the spatiotemporal signals. Moreover, the sea clutter, radar echoes from a sea surface, is a spatiotemporal signal and can be modeled by CML system [11] . When the initial condition is effectively estimated, we are able to reconstruct the noise-free chaotic signals, indicating that more robust detectors [11] for them can be devised. In order to estimate initial condition in CML systems, the first idea is to simplify the CML into a temporal chaotic map without considering the effect of spatial coupling [12] . An improvement using time-varying temporal chaotic map model has been proposed [13] to recover the initial condition when the coupling is very weak in CML systems. Since [12] , [13] are mainly based on the idea of temporal initial condition estimation, they can only imprecisely recover the initial condition from the weak coupled CML systems, and the estimation errors may be unacceptable for strongly coupled chaotic systems. Consequently, it is necessary to investigate a more accurate method to estimate initial condition in CML systems.
The relationship between symbolic dynamics and CML dynamical system has been investigated in [14] . It is proved that the symbolic description is a complete and effective representation for studying pattern formation in CML systems. Based on this work, a CML initial condition estimation method is proposed in [8] , [15] by introducing its symbolic dynamic and it is proved that any point in the state space will converge to its initial condition with respect to sufficient backward iterations when the inverse function of the CML is a contraction map. As a matter of fact, the contraction mapping theorem only provides a sufficient condition of convergence [16] , [17] . This means that contraction map just produces one of the sufficient conditions to support the existence of a fixed point that leads to the convergence. In [16] and [17] , we have proved that the inverse function of a CML system with logistic map is not a contraction map even when the coupling coefficient is significant small. We also claim that this CML initial condition estimation method still works when the inverse system is fully convergent. That is to say, the convergence strength is larger than its divergence strength in backward iterative procedure. However, there is still no investigation on measuring the convergence and divergence strength. In this work, we further study the convergence and divergence properties of inverse CML systems and then provide the necessary and sufficient condition for effective initial condition estimation.
The rest of this correspondence is organized as follows. The background and technique of the initial condition estimation problem based on symbolic dynamics are presented in Section II. In Section III, the convergence and divergence properties of inverse CML systems with different maps and coupling coefficients are investigated by the inverse largest Lyapunov exponent (ILLE). The necessary and sufficient 1053-587X/$31.00 © 2012 IEEE condition for effective initial condition estimation is also given. The Cramér-Rao lower bound (CRLB) of the estimated initial conditions in uncorrelated Gaussian noise is derived in Section IV. Simulation results are included in Section V to confirm the proposed necessary and sufficient condition. Finally, conclusions are drawn in Section VI.
II. CML INITIAL CONDITION ESTIMATION METHOD
The initial condition estimation technique has been proposed in [15] to estimate a spatiotemporal chaotic signal x n generated by h in additive random noise wn. Let yn be its noisy observation, that is y n = x n + w n ;
(1) xn = h(xn01); n = 0; 1; .. .;N 0 1 
n )]
n )], respectively. The denotes the coupling coefficient and f is the chaotic map. The vector form of (3) is
Toeplitz coupling matrix with the first column a and the first row a T ,
Here, we assume that the coupling coefficient and dynamics of the local map f are known. Since f is a nonlinear and many-to-one function, its inverse function does not exist within its whole phase space. Therefore, the symbolic dynamic, which is a coarse-grained description of dynamics [14] , [18] , has been introduced to make f invertible within one partition of the phase space. The idea of symbolic dynamics is that we firstly divide the phase space into a finite number of partitions and label each partition by a number. Here, the map f in each partition is monotonic. Then we record the alternation of the numbers instead of the accurate values of the signal points. In this correspondence, we focus on the maps that their symbolic dynamics are We assume that at time n, the phase point x m n lies in the kth element of the partition P m k , and we assign a symbol s m n = k, where k 2 f0; 1; . ..;q 0 1g. If the ergodicity is preserved by the coupling, that is, the behavior of a dynamical system averaged over time is the same as averaged over space, then any orbit in phase space I M of the CML system can be encoded as However, the contraction mapping theorem only provides a sufficient condition for convergence. In this correspondence, we focus on finding a sufficient and necessary condition for convergence.
III. THE CONVERGENCE PROPERTIES

A. Largest Lyapunov Exponent
Lyapunov exponent (LE), which gives the rate of exponential separation or convergence of two infinitesimally close initial conditions in phase space, is a very important character in the spatially extended system [19] . For CML systems, since its dimension is larger than one, there exists a set of Lyapunov exponents called Lyapunov spectrum, in which the largest of them is the most important character to describe the development of a small deviation [20] , [21] . For time series produced by dynamical systems, the presence of a positive LE indicates orbital divergence and chaos, while a negative or zero-valued LE is a characteristic for regular behavior. Therefore, the largest LE in an inverse CML system, which is referred to as the ILLE, is utilized to study the convergence and divergence properties for the inverse CML systems.
It is well known that if is the largest LE of a deterministic map:
z n+1 = g (z n ), where z, g 2 K , n = 0; 1; . .. and K denotes the set of K -dimensional real vector, we have [20] , [21] kg n (z0) 0 g n (z0 + )k 2 k k 2exp (n)
where is the uncertainty in the initial condition. In the inverse CML system of (5), the ILLE, denoted by max (f;), approximately satisfies the following equation:
x 0 0 x 0jN01 2 = k(x N01 )k 2 exp ( max (f;)(N 0 1)) (8) where k(xN01)k2 is the uncertainty in xN01 and x 0jN01 denotes the estimated value of x 0 with (N 0 1) iterative steps. Noting that the spectral radius of a symmetric matrix
, denoted by , is equal to its matrix 2-norm and taking the limit N ! 1 on the both sides of (9), we obtain max(f; ) = lim .
Hence the ILLE can be determined when the map and coupling coefficient are known. Since a positive largest LE indicates chaos, and a negative largest LE indicates temporal periodic behavior and spatially invariant structure with time [19] , we have the following lemma.
Lemma: Given a CML system with a known map and coupling coefficient, and if fs n g is correct, the initial condition can be perfectly 
if and only if the ILLE of the CML system is negative for arbitrary 2 I M . In addition, the convergence rate of the backward iterative approximation error is exponentially proportional to the ILLE according to (8) . Otherwise, we cannot estimate the initial condition in the CML systems.
Proof: According to (8), x 0 0 x 0jN 01 2 = k(x N01 )k 2 2 exp ( max (f;)(N 0 1)), take the limit (N 0 1) ! 1 on both sides, we have limN!1 x 0jN 01 = x0 when the ILLE of the CML system, max (f; ), is negative.
B. Examples
In order to show the calculations of the inverse function h 01 s and Jacobian matrix J f ( x ) , without loss of generality, we use the CML systems with logistic map (CML-logistic) and tent map (CML-tent) as illustrations. Their vector forms of logistic and tent maps, denoted by f L (x n ) and f T (x n ), respectively, are f L (x n ) = L : 3 x n : 3 (1 M21 0 x n ) (13) f T (x n ) = T : 3 (1 M21 0 2jx n 0 0:51 M21 j)
where a:3b is the element-wise multiplication of a by b and 1M21 de- 
The Jacobian matrix of the inverse logistic map f 01 L;s ( x n+1 ) and that of the inverse tent map f 01
T;s ( xn+1), denoted by J f ( x ) and J f ( x ) , respectively, are
J f ( x ) = diag (00:5(2s n 0 1 M21 ):= T ) (19) where diag represents the diagonal operator. According to (10) and (11), the ILLEs for the CML-logistic and CML-tent systems are obtained.
IV. CRAMÉR-RAO LOWER BOUND
The CRLB gives a lower bound on variance attainable by any unbiased estimators using the same data, and thus it can be served as an important benchmark to compare with the mean square error (MSE) of the initial condition estimation method. Therefore, in this section, the CRLB based on the model of (1) subject to (4) is derived. For simplicity but without loss of generality, here we assume uncorrelated zero-mean Gaussian noise with variance f 2 m g. Our task is to estimate x 0 from fy n g N01 0 . We first have [22] : y n N (Af(x n01 );C) : (20) That is, y n is Gaussian distributed with mean Af(x n01 ) and covariance C = diag( 
where det represents matrix determinant. with I M2M being the M 2 M identity matrix. The J f (x ) is the Jacobian matrix of chaotic map f (x n ), which has the form
where f 0 (x m n ) denotes the derivative of f(x m n ). For example, the Jacobian matrix of logistic map fL(xn) and tent map fT (xn), denoted by J f (x ) and J f (x ) , respectively, are 
V. SIMULATION RESULTS
Simulation results are carried out to confirm the effectiveness of the CML initial condition estimation method of (5) in CML-logistic and CML-tent systems with different system parameters.
Here, the number of lattices is M = 5 and initial condition is 
A. ILLE in CML Systems
The ILLEs of the CML-logistic and CML-tent systems are plotted in Fig. 1(a) and (b) , respectively. The coupling coefficient for both maps varies from 0 to 0.5, L 2 [3:57 4] and T 2 [0: 5 1] . The black area corresponds to a negative ILLE while the gray area represents the positive ILLE. We observe that the ILLEs for the CML-tent system are smoother than those for the CML-logistic system, because the chaotic characteristics between logistic map and tent map are different. That is, the logistic map experiences a more complex procedure which includes chaotic and oscillation alternately when L varies from 3.57 to 4, while the tent map transits from regular to chaotic when T varies from 0.5 to 1. Furthermore, the area of negative ILLE for the CML-tent system is larger than that for CML-logistic system, which means that the initial condition estimation method can be applied more widely in CML-tent system. For example, when = 0.2, L = 4 and T = 1, the ILLE for CML-tent system is negative while that for CML-logistic system is positive.
B. Initial Condition Estimation in CML Systems
The estimation performance is evaluated by MSE. Here, the MSE for each backward iterative step i, denoted by MSE(i), is defined as
where L is the number of independent runs, and x (j) n is the estimated value of x n in the jth independent run. The MSE, convergence rate (CR), and CRLB in dB are defined as follows: 
where the CR which exposes the convergence rate of two close points when max (f; ) < 0 is just the approximation form according to (8) .
All simulation results are averages of L = 500 independent runs.
First, the effectiveness of the initial condition estimation method in CML-logistic system with L = 4 is tested with the correct symbolic vector sequence and the results are plotted in Fig. 2 . In each independent run, we randomly select within the phase space I M as the estimated value of the (N 0 1)th time step. According to Fig. 2(a) point relative accuracy in MATLAB around i = 60 and i = 120, respectively, which indicate that i) the estimated result achieves the real value that represented by (12) , and ii) the smaller the negative ILLE is, the faster the convergence rate is. On the other hand, the MSEs with = 0.35, 0.4 are very large and cannot converge to the real value since their corresponding ILLEs are positive as shown in Fig. 2(b) .
Second, the above test is repeated in CML-tent system with T = 1. As seen in Fig. 3(a) , the MSEs for CML-tent system align quite well with their corresponding CR curves because the inverse CML-tent system is a contraction map in these cases, while the inverse CMLlogistic system is not [16] , [17] . Furthermore, the MSEs diverge when the ILLE is larger than zero as described in Fig. 3(b) . Finally, the signal estimation from noisy measurements fy n g N01 0 is investigated. Here, we consider the signal model of (1) subject to (4) with logistic map of (13) and tent map of (14), and investigate three types of noises fw n g N01 0 , namely, Gaussian, exponential and Rayleigh noises, respectively. All noises are assigned same variance of Fig. 5 . Furthermore, the performance under these three noise distributions is comparable, that is, the estimation method works properly in Gaussian and non-Gaussian noises when the ILLE is negative. It is worth noting that the estimation method does not require the values of noise variance and mean.
VI. CONCLUSION
In this correspondence, the effectiveness of initial condition estimation method for coupled map lattice (CML) systems with different coupled coefficients and maps are fully investigated based on the convergence and divergence properties of their inverse systems. The reason which leads to invalid estimation is investigated and the inverse largest Lyapunov exponent (ILLE) for CML systems, is utilized to determine the effectiveness of the CML initial condition estimation method. Theoretical and experimental results show that the CML initial condition 
I. INTRODUCTION
Multiple-input multiple-output (MIMO) transmission and reception is a promising paradigm for the next generation radar systems [1] - [4] . Unlike the phased-array radar, a MIMO radar allows independent probing signals at different antennas. Through this additional diversity, a MIMO radar can deliver a higher detection performance and a better spatial resolution. In particular, if the transmitters are widely separated in space (called the uncollocated configuration), then each of them can provide an independent view of the target, which, when appropriately combined, will improve detection performance [5] - [7] . Alternatively, if the antennas are placed in close proximity, different probing signals from various collocated transmitters can generate various desired beam patterns, leading to an improved directional resolution. Besides, the collocated MIMO radar has other advantages such as interference rejection capability [8] - [10] . In this correspondence, we focus on the collocated system.
A central signal processing challenge in MIMO radar research is to design probing signals that are constant modulus and satisfy certain beam pattern specifications. The existing design approaches can be classified into three categories: 1) maximizing the mutual information between the received signal and the impulse response of the target [11] - [13] ; 2) optimizing the range, angular, and Doppler resolution based on radar ambiguity function [14] - [16] ; and 3) matching a desired beam pattern using independent constant modulus signals while suppressing the spacial autocorrelation and cross-correlation sidelobes [17] - [19] .
This correspondence considers the third design approach for MIMO waveform design. In [17] , Fuhrmannn showed how to create high directionality or omni-directionality beam pattern through waveform covariance matrix R. In [18] , Stoica exploited semidefinite programming technique to design R, where suppressing spacial cross-correlation levels at temporal delay zero was considered. In [19] , Ahmed proposed two algorithms to design constant modulus waveforms, which satisfy the specifications of R in [18] . In [20] , Li proposed a cyclic algorithm to synthesize constant modulus signals as well as pursuing the desired auto/cross-correlation characteristics. In [21] , an alternating approach is proposed for jointly optimizing constant modulus probing signal and receiver filter bank.
Different from the existing approaches [17] - [21] , we propose to optimize probing signal waveforms to meet the beam pattern specification directly. We formulate this problem as an unconstrained fourth-order trigonometric polynomial minimization model and propose a quasiNewton iterative algorithm to solve it approximately. Simulation results demonstrate that the resulting design procedure compares favorably with the existing approach in terms of both the algorithm speed and the quality of the obtained waveforms.
II. PROBLEM FORMULATION AND ANALYSIS
A. System Parameters
Consider a MIMO radar equipped with M transmitting antennas as shown in Fig. 1 
where belongs to an angle set 2 representing the spacial direction and L is the temporal length of the probing signal. The beam pattern, which describes the power distribution of the probing signals in the spacial domain, is defined as P() = a H X H Xa :
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